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Abstract 

Let (jj be the vorticity of a stationary solution of the two-dimensional Navier-Stokes equations 
with a drift term parallel to the boundary in the half-plane 0,+ — { (a;,?/) G R^| j/ > l}, with zero 
Dirichlet boundary conditions at i/ = 1 and at infinity, and with a small force term of compact 
support. Then, \xyijj{x,y)\ is uniformly bounded in The proof is given in a specially adapted 
functional framework and the result is a key ingredient for obtaining information on the asymptotic 
behavior of the velocity at infinity. 
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1 Introduction 

In this paper we consider the steady Navier-Stokcs equations in a half-plane £7+ = { (a;, y) e ?/ > l} 
with a drift term parallel to the boundary, a small driving force of compact support, with zero Dirichlet 
boundary conditions at the boundary of the half plane and at infinity. See [12] and [13] for a detailed 
motivation of this problem. Existence of a strong solution for this system was proved in [T^] together with 
a basic bound on the decay at infinity, and the existence of weak solutions was shown in |13) . By elliptic 
regularity weak solutions are smooth, and their only possible shortcoming is the behavior at infinity, since 
the boundary condition may not be satisfied there in a pointwise sense. In [13j it was also shown that 
for small forces there is only one weak solution. This unique weak solution therefore coincides with the 
strong solution and satisfies as a consequence the boundary condition at infinity in a pointwise sense. 

The aim of this paper is to provide additional information concerning the behavior of this solution at 
infinity by analyzing the solution obtained in [12| in a more stringent functional setting. More precisely, 
we obtain more information on the decay behavior of the vorticity of the flow. Bounds on vorticity 
as a step towards bounds on the velocity are a classical procedure in asymptotic analysis of fluid flows 
(see the seminal papers [6], [7] and [1]). In [12] and the current work, the equation for the vorticity 
is Fourier-transformed with respect to the coordinate x parallel to the wall, and then rewritten as a 
dynamical system with the coordinate y perpendicular to the wall playing the role of time. In this setting 
information on the behavior of the vorticity at infinity is studied by analyzing the Fourier transform at 
fc = 0, with k the Fourier conjugate variable of x. In the present work, we also control the derivative of 
the Fourier transform of the vorticity, which yields more precise decay estimates for the vorticity and the 
velocity field in direct space than the ones found in |12| . Our proof is then based on a new linear fixed 
point problem involving the solution obtained in and the derivative of the vorticity with respect to 
k. 

Since the original equation is elliptic, the dynamical system under consideration contains stable and 
unstable modes and no spectral gap, so that standard versions of the center manifold theorem are not 
sufficient to prove existence of solutions. Functional techniques that allow to deal with such a situation 
go back to [S] and were adapted to the case of the Navier-Stokes equations in [T3] and in [TS], [TB]. For 
a general review see [TU] . The linearized version of the current problem was studied in [TP . A related 
problem in three dimensions was discussed in [S]. 

The results of the present paper are the basis for the work described in [2], where we extract several 
orders of an asymptotic expansion of the vorticity and the velocity field at infinity. The asymptotic 
velocity field obtained this way is divergence-free and may be used to define artificial boundary conditions 
of Dirichlet type when the system of equations is restricted to a finite sub-domain to be solved numerically. 
The use of asymptotic terms as artificial boundary conditions was pioneered in [3] for the related problem 
of an exterior flow in the whole space in two dimensions, and in 9^ for the case in three dimensions. 

Let X = {x,y), and let f2+ = { (x, y) G | y > 1}. The model under consideration is given by the 
Navier-Stokes equations with a drift term parallel to the boundary, 

~dxU+Au = F+u -S/u + Vp , (!) 
V • M = , (2) 

subject to the boundary conditions 

1)=0, xeM, 
lim m(x) = . 

X— )-oo 

The following theorem is our main result. 

Theorem 1 For all F e C^(J7+) with F sufficiently small in a sense to he defined below, there exist 
a unique vector field u = (u, v) and a function p satisfying the Navier-Stokes equations (QJ), (0) in fl+ 
subject to the boundary conditions (0) and Moreover, there exists a constant C > 0, such that 

\y^/'^u{x,y)\ + \y^^^v{x,y)\+ \y^uj{x,y)\ + \xyuj{x,y)\ < C, for all {x,y) e Q+. 



(3) 
(4) 
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This theorem is a consequence of Theorem [S] which is proved in Section [5l The crucial improvement 
with respect to [12^ is the bound on the function xyuj(x,y). 



The paper is organized as follows. In Section [5] we rewrite ([T]) and ([2]) as a dynamical system with 
y playing the role of time, and Fourier-transform the equations with respect to the variable x. Then, 
in Section [31 we recall the integral equations for the vorticity discussed in [12' and complement them 
by the ones for the derivative with respect to k. We then introduce in Section H] certain well adapted 
Banach spaces which encode the information concerning the decay of the functions at infinity. Finally, in 
Section [5l we reformulate the problem of showing the existence of the derivative of vorticity with respect 
to k as the fixed point of a continuous map, based on the existence of solutions proved in [12 . We present 
in Sections [H] and [7] the proofs of the lemmas used in Section [SJ In the appendix, we recall results from 
[m which are needed here. 

2 Reduction to an evolution equation 

We recall the procedure used in [T^ to frame the Navier-Stokes equations for the studied case as a 
dynamical system. Let u = {u,v) and F = (Fi,F2). Then, equations ([T]) and ^ are equivalent to 

u! = —dyU + dxV , (5) 
-9j;W+Aw dx{uuj) + dy{vuj) + dxF2 - dyFi , (6) 
dxU + dyV = . (7) 

The function w is the vorticity of the fluid. Once equations ©-([T]) are solved, the pressure p can be 
obtained by solving the equation 

Ap = -V • {F+u ■ Vm) 
in rj-|_, subject to the Neumann boundary condition 

dyp{x, 1) = d'^v{x, 1) . 

Let 

qo=uuj , (8) 
qi =voj , (9) 

and let furthermore 

Qo = qo + F2 , (10) 
Qi=qi-Fi. (11) 

We then rewrite the second order differential equation (O as a first order system 

dyOJ = dxTj + Qi , (12) 
dyT] = -dxUJ + UJ + Qo . (13) 

Note that, unlike the right-hand side of the expressions for Qq and Qi do not contain derivatives. 
This is due to the fact that, in contrast to standard practice, wc did not set, say, dyUJ = rj, but we chose 
with ([12]) a more sophisticated definition. The fact that the nonlinear terms in ([T2)) . p3p do not contain 
derivatives simplifies the analysis of the equations considerably. An additional trick allows to reduce 
complexity even further. Namely, we can replace ([7|) and ^ with the equations 

dy^ = -dx^ - Ql , (14) 

dyf = dxi) + Qo , (15) 
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if we use the decomposition 

u = —ri + ip , (16) 
w = w + -0 ■ (17) 

The point is that in contrast to u and v the functions "0 and ip decouple on the linear level from uj and 
77. Since, on the linear level we have Acp = and Aip — 0, it will turn out that tp and ip have a dominant 
asymptotic behavior which is harmonic when Qq and Qi are small. 

Equations p2p - (|15p are a dynamical system with y playing the role of time. We now take the Fourier 
transform in the x-direction. 

Definition 2 Let f be a complex valued function on Q^. Then, we define the inverse Fourier transform 
f = -F^^lf] by the equation, 

f{x,y)=T-'[f]{x,y) = ^ / e-^''- f(k,y)dk , 

and h = f * g by 

kk,y)^{f*9){k,y)^^ I f{k-k',y)g{k',y)dk' , 

whenever the integrals make sense. We note that for a function f which is smooth and of compact support 
in ri+ we have f = J-'^^[f], where 

Akx _ 



f{k,y)^F[f]{k,y)^ / e''-f{x,y)dx , 

and that fg = J-^^[f * g] ■ 

With these definitions we have in Fourier space, instead of (jl2p - (fT5l) . the equations 

dyUJ = -ikr] + Qi , (18) 

dyf^ = [ik + 1)Cj + Qo , (19) 

dy^ = ik(p - Qi , (20) 

dyip = -iki^ + Qo ■ (21) 

Qo = qo + F2 , (22) 

Qi=qi-Fi , (23) 



From (dni) and we get 



from ^ and (O we get 

qo^u*u) , (24) 

qi = V * UJ , (25) 

and instead of and ([T7| we have the equations 

u = —fj + (p , (26) 

w = w + -0 . (27) 
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3 Integral equations 

We now reformulate the problem of finding a solution to (jl8p - (PT|) which satisfies the boundary conditions 
([21) and dH) in terms of a system of integral equations. The equations for w, fj, (p and ij} are as in [12]. In 
particular we recall that 



1 3 



m— 71—1 



where, for n = 1, 2, 3, m = 0, 1, 

W„,m(fc,t) = i^„(fc,i - 1) / fn,m{k,S - i)Q,n{k,s)ds 

where, for fc e M \ {0} and ct, r > 0, 

Kn{k,T) = ^e"'"^ , for n 1,2 



1 



and 



f2,o{k,a 
f3,o{k,a 

fi,i{k,(J 

f2,l{k,(T 

f3,i{k,a 



ik 



{\k\ + n)\_. 



K K 

2{K+\k\) (e 
ik 



+ k) e 



-Ifcl 



ik 

\k\ (|fc| + K 
ik 



+ «) .-K. o |fc|(|fc|+^) .-|fck 



1 e- 



ik 

, Jk\i\k\+K) 
ik 



-\k\a 



(28) 
(29) 

(30) 
(31) 

(32) 
(33) 
(34) 

(35) 

(36) 
(37) 



and where Ii — [1, t] and I2 = H = [t, 00). 

We introduce the integral equation for Sfco), noting that Cj is continuous &i k — Q (see [H]). From (12^)) 
we get that 



13 3 



,n,m ; 



m— n— 1 /^l 



where, for n = 1, 2, 3, m — 0, 1, 



dkLbi^n,m{k,t) ^ dkKn{k,t ~ 1) J fn,mik,s - l)Qm{k,s)ds 



dkUJ2,n,m{k,t) = Kn{k,t - I) J dkfn.7n{k,S~l)Qm{k,s)ds 
dkUJ3,n,7n{k,t) = Kn{k,t - 1) / fn,m{k, S - l)dkQm{k, s)ds 



where, for fc e M \ {0} and cr, r > 0, 

dkKnik,T) 

dkK3ik,T) 



12k 



4 K 
12k-i 

4 K 



, for n = 1 , 2 



(38) 

(39) 
(40) 
(41) 

(42) 
(43) 
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where fn,m is as above, where 

+ ^ ^"^^ k ^ k ^ ^' (^4) 

5fcAo(fc,^) = ^^^(^"'"^ - ^-''^) - 2^ (|fc|.e-l^l- - ^^^"'^) ^ ' (45) 

dkhAk, <J) = ^,e--" I'^^ae--'^ , (46) 

+ ^(e'^- + e-n- + 2.^^ (^^-'^^ - Ifcl^-'^'^l - ' (47) 
dkhAk^'y) = " e""'") + *(l^l + - 2z i\k\ + n) e-l^'V , (48) 

dkhi{k,'T)^^^e-^'^a . (49) 
and where the functions 

dkQo = dkqo + dkF2 , 
dkQi = dkQi - dkPi , 

are obtained from <\22l and ((23)) . Since go and qi are convolution products (see ((24)) and ([25])), and noting 
that u and v are continuous bounded functions on M, that Cj is continuous on R and differentiable on 
R \ {0} and that is absolutely integrable, we conclude (see Proposition 8.8, page 241]) that go 
and qi are continously differentiable functions and that 

dkqn =u* dkU) , (50) 
dkqi = V * dkUJ . (51) 

This means that it is sufficient to add equation psp to the ones for w, fj, (p and ip in order to get a set 
of integrals equations determining also dkLO- 

Remark 3 The products Knfn,m o,re equal to Knfn,m o,s defined in fl2l, and we have Kn=i^2 — Kn=i,2, 
— ^K^, fn=i,2:m = /ri=i,2;m md f^,ra — jj^f3,m- We chose to rewrite the equations in the new form 
for convenience later on. 

4 Functional framework 

We recall the definition of the function spaces introduced in [121 and extend it to include functions with 
a certain type of singular behavior. Let a, r > 0, A: e R, t > 1, and let 

^-(^'^) = TT(^- ^''^ 

Let furthermore 

fta = tJ-aAk.t) , 

= Ata,2(fc,t) • 

We also define 

K = \/ k"^ — ik , (53) 
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and 



A_ = - Rc(k) = -i\/2Vfc2Tfc4 + 2P 



Throughout this paper we use the inequahties 

\k\ = (fc2 + A:4)l/4 < |^|l/2 + < 23/4|^| < 23/4(1 + |^|) 

We have in particular that 



and that 



|fc| 2 < const. |k| 



(54) 

(55) 

(56) 
(57) 



which will play a crucial role for small and large values of k, respectively. 



Definition 4 We define, for fixed a > 0, and n, p, q > 0, B^. p q to be the Banach space of functions 
/: M \ {0} X [1, oo) C, for which = C{R \ {0} x [1, oo), C), and for which the norm 



f. gn 



\fn{k,t)\ 



sup sup -Y_ i ~ n \ 

t>l feeR\{0} tFA^a(K,t) + j^^a\k,t) 



is finite. We use the shorthand Ba.p.q for ^ y. Furthermore we set, for a > 2, 

V„ X 6„^i_o X S„ 1 1 . 

Remark 5 We present two elementary properties of the spaces B^ ^ q, which will be routinely used without 
mention. Let a, a' > 0, and p, p' , q, q' > 0, then 



In addition we have 



Kn Q Km ^ nn 

OL,p,q a' ,p\q' ^ min{a' .a,} ,min{p' ,p} ,min{(j' .q} ' 



a,p,q ^ ^a,min{p,q} ,OD 



where the space with q = oo is to be understood to contain functions for which the norm 



f. J^n 



p,oo 



\fn{k,t)\ 

sup sup 1 _ 

t>l fceR\{0} t?t^a[K, t) 



is finite. 



5 Existence of solutions 

In [12 it was shown that one can rewrite the integral equations as a fixed point problem, and that, for F 
sufficiently small, there exist functions a), u and v, that are solution to ([S])-©, satisfying the boundary 
conditions ^ and (Hj). More precisely, we have, for a > 3, 



and, for i = 0, 1, 



(58) 
(59) 
(60) 

(61) 
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We now show that using this solution as a starting point, we may define a Unear fixed point problem with 
a unique solution for dk^o. The structure of (1381) is rather complicated and it turns out to be necessary 
to decompose the sum into three parts which are analyzed independently. Let d = (di, (i2, da) where 

1 3 
m— n— 1 

then dk<^ = X]f=i '^i- The function d^ depends on dk.uj, but di and d2 do not. 
Proposition 6 The functions di and d2 are in 3 p. 

Proof. See Sections O and Ol ■ 

We now define the fixed point problem. 
Lemma 7 Let a > 3, and let u and v be as in and i60\) respectively. Then, 

d 



u * d 
V * d 



defines a continuous linear map. 



Proof. The map £1 is linear by definition of the convolution operation. Using Corollary [T^ we get that 
the map £1 is bounded, since 



and 





< const. 








(62) 


«*f^";^a,|,2 


< const. 








(63) 



Lemma 8 Let a > 3, ^3 = J2m=o J2n=i 9ki^3,n,m and let dk '^3.n,m be given by |^ Then, we have 



Q-lJ,0 



£2 : X B„ I 2 - 

which defines a continuous linear map. 

Proof. The map £2 is linear by definition of ^3 and is proved to be bounded in Section [773 



5.1 Proof of Theorem [T] 

Theorem [1] is a consequence of the following theorem. 

Theorem 9 (Existence) Let a > "i, F ^ (-^1,-^2) e C'^{D.+ ), and let F = (^1,^2) he the Fourier 
transform of F. If \\{F2, —Fi); B^rs x B^r^W is sufficiently small, then there exists a unique solution 

{LO,u,v,d) in Va x 1 g- 

Proof. We have the existence and uniqueness of {(l!,u,v) G Vq thanks to [12 and 13 . Since a > 3, 
we have by Lemmas [7] and E] that the map £ : 'L>1^_-^ ^ ^ ^a-i f o' ^ '"^ ^t'^l ~ £2[£iMi + d2 + x] + 
{dkP2, —dkFi)] is continuous. Since from [IJl we have that || (w, m, -0); Vq, || < const. {F2, —Fi);B^ 7 5 x B^ v ^ 
we find with (p^ and ([55]) that the image of £1 is arbitrarily small. We then have by linearity of £2, that 
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£ has a fixed point since {dkF2, —dkFi); 3 ^ x 3 2 < 00. This completes the proof of Theoremini 



Theorem [T] now follows by inverse Fourier transform and the decay properties are a direct consequence 
of the spaces of which u, v, Cj and c)fcw are elements. Indeed, for a function / G B^^p^q with a > 3, n = 0,1 
and p, q > 0, we have from the definition of the Fourier transform that 



snp\f{x,y)\ < -!- / f{k,y) 



dk 



and from the definition of the function spaces that 



dk < 

< const 



f ■ B" 



< 



const. 



1 



1 



^min{p+(l-n),g+2(l-n)) 



tP+{l-n) iq+2(l-n) 

f ■ B" 



Combining ([M)) and (|65p we have 



const. 



^^Pl-^(^'y)l - ymin{p+(l-«),g+2(l-«)) /"'^2,p,g 

Finally, we have, using that ((2;, u, u, d) G Vq x f 3 ^ , and that 



(64) 



(65) 



that 



\xi^{x,y)\ < ^ I \dkuj{k,y)\dk , 



\y'/^u{x,y)\<Ci , |2/3/2«(a:,y)| <C2 
\y^(^{x,y)\ < C3 , |?/xw(x,2/)| < C4 , 



with Ci e M, for i = 1, . . . , 4, which proves the bound in Theorem [TJ 



6 Convolution with singularities 

We first recall the convolution result from |12) . 

Proposition 10 (convolution) Let a, (3 > 1, and r, s > and let a, b be continuous functions from 
Mo X [1, 00) to C satisfying the bounds, 

\a{k,t)\ < Ha,rik,t) , 
|fc(fc,i)| <m«(fc,i) • 

Then, the convolution a *b is a continuous function from R x [1, cxd) to C and we have the bound 

(a* 6) {k,t)\ < const. (^■^fij3^s{k,t) + ^fia,r{k,t) 

uniformly in t > I, k eR. 

Since dk(^ diverges like \k\~^ at fc = we need to strengthen this result. 
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Proposition 11 (convolution with |k| singularity) Let a, (3 > 1 andr,s > 0, let a be as in Propo- 
sition{W[ and b a continuous function from Rq x [1. oo) to C, satisfying the bound 

5(fc,i)| < |«(fc)rV^,,(^,i) , 

then the convolution a * b is a continuous function from M x [1, oo) — 5- C and we have the bounds 



(a * b){k,t) 
(a * b){k,t) 
for s' < s, and c E { 5 ; 1 } • 



1 1 



< const, ^max 



/ I 1 1 

< const, max < — , 



t2 t' 



> fJ-0 s' + — Ma.r (fc, t) 

' t2 



ti t^- 



t2 



(66) 
(67) 



Proof. We drop the " to unburden the notation. Continuity is elementary. Since the functions ^la.r are 
even in k, we only consider A: > 0. The proof is in two parts, one for < fc < t~'^ and the other for 
i""' < fc. The first part is vahd for both §^ and §7^). For < fc < t'"' , and a' > 0, we have 

\ia*b){k,t)\ < [ ^iaAf'':t)\<k-k')\'^fip^s{k-k',t)dk' 



ti ~ dk 
< sup {^a,rik',t)) I -^flp^k,!) — 



< 



k'& 

const. const. 



< 



fJ'a' ,s'{k,t) , 



t2 - t2 

where we have used the change of variables k — k' = k/f^ . For fc > i^** and s' < s we have 



|(a*6)(fc,i)| < / ^„^,(fc',t)^^4^^i^_^^dfc' 



< 



K(fc-fc')| 



|K(fc - fc') 



^a,r{k J ^) ^ ^, , ,M dk . 
k/2 \K{k-k')\ 



■■=Il 



The integral I2 is the same for and (|67p . 



l^a,rik' ,t)-—-- r7-rM/3,s(fc - k',t)dk' 

\K(k — k'j\ 



k/2 



< const. ^a,r(fc/2,i) / ;y;Y/i/3.s(fc,l)- , 

JR \k\2 t 

< const. -^Ha,r{k,t) , 



where again we have used the change of variables k ~ k' — k/t'' . To compute the integral Ii we use that 

Ma,s {k,t) < fla,s' {k,t) , 
^J,a,s (fc, t) ■ Hp^s (fc, t) < const. Ha+fi,s (fc, t) , 



and, for k > t 



1 1 const. const. const. , 
— TTT^ < — < 1 < r < Mi s' fc.O , 

t^\K{k)\ t^|fc|l/2 2i^|fc|l/2 l + (t«'|fc|)2 



1 1 



< 



const. 



< 



const. 



t^' |K(fc)| - K (|fc|l/2 + |fc|) - t^'/^ + |fc|K - 1 + \k\t 



const. ,, , 

< < Ml,.' (fc,i) 
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To prove (|66)) . we note that 

-oo \k — k'\2 

< 77-7i-rM/3,4fc/2,i) / — — T — * 

|k/2|2 J-oo |fc'|2 

const. 1 ^i^fc^ 

< const. ^ ; -Ua 1 AkA) — 

t^\k\i "^^-"^ 

/, N 1 const. , 

< const. -^^1, [k,t) fip_i {k,t)--Tr < ^ , ii,p^s'{k,t) , 

where we have used the family of inequahties 

\k\''kl'a,r {k,t) < const. -^fla-p,r {k,t) , Vp > . 

Finally, to prove ((67|) . we note that 

A® < / ^ fla.Ak',t)J^^^-^^^^pAk-k',t)dk' 



— oo 



< const.t''^ Hc,s'{k,tllf;,s{k,t) / iia,r{k' ,t)dk' 
- const. ni3+c,s'{k,t) . 



Collecting the bounds on the integrals /-f^, and I2 proves the claim in Proposition [TTJ ■ 

Corollary 12 Let a > 2 and, for i = 1,2, pi, qi > 0. Let f £ Ba^p^.q^ and g £ T^a-i ■ Let 

1 1, 
p = mmjpi +P2 + -,Pi + <72 + l,gi +P2 + 2/ ' 

1- 

q = mmjgi + q2 + l,qi + P2 + ■ 

Then f * g G Ba.p.q, and there exists a constant C , depending only on a, such that 

||/*5;^a,p,,|| < C ||/;S„,p,,,J| • ||.g;Pi_i,p,,,J| . 

Proof. We consider the three cases c G {0, 5, 1}. Let g be a function in B\ p ^, with a — a — c, p,q > 0. 
The convolution product / * 5 is in each case bounded by a function in B}^ p ^ with p and q given by: 

• if c = 0, p = min{pi + p + ^,pi + q + 1, qi + p + ^} , q = min{gi + q + l,qi + p+ ^} , 
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• if c = i, p = mm{pi + p+i,pi+(7+i,(7i+p+i} , min{qi + q+l,qi+p+ ^} , 

• if c = 1, p = min{pi + p + 0,pi + q + 0,qi + p + ^} , q — mm{qi + q + 0,qi + p + ^} . 

These are consequences of Proposition [TTJ Using equation for the first case and equation (I57|) 
for the following two cases, and choosing s' = 1 to bound the term j^p-a * ^Mq- It is now clear that for 
a function in V^^i p, the terms that yield the lowest p and q are covered by the c — case above, 
because what is lost in the bounds on convolution due to lower a is gained through higher values of p 
and q by definition of the space I?^^^ p2 92 ■ This corollary allows to streamline notations and shorten 
calculations throughout the paper. ■ 



7 Bounds on d 



We present some elementary inequalities and expressions used throughout this section. Throughout the 
calculations we will use without further mention, that for all z G C with Re(z) < and N G Nq, 



yN+l 



< const. , 



and for all z G C with Re(z) > 



< const. e 



Re(z) 



We also have that 



2k- 
2k 



By definition of the norm on ^ ^ we must bound ndkLo. We thus bound all the terms Kdki^i^n.rm with 
/ = 1,2,3, n = 1,2,3 and m = 0,1 (see definitions and ([21]) -(gn])). This requires a good 

deal of book-keeping to track what happens to a, p, and q. Some of it may be spared when one realizes 
that all losses in a occur when applying ((68)) where there are explicit factors \k\'^ with c = {^, 1}, which 
automatically brings forth a structure satisfying the conditions of Corollary [121 This allows us to show 
that each component dk'^i^n,m is an element of a T>1^_^ ^ ^. 
From (pT|) we obtain, for i = 0, 1, 



Qi {k, s) 



< 



1 _ 1 ^ 

S 2 S 2 



which we will use throughout without further mention. We also make use of equations (|56| and (1681 
without explicit mention throughout these proofs. 

The bounds for the terms n — 2 take advantage of the fact that, for 1 < i < 2, 



and, for i > 2 and a' > 0, 

so that the inequality 
holds for all t and a > 0. 



fiaik^t) < const. p,a{k,t) < const. 

5^-(*-^Va,r(fc,i) < const, e'^'^*"^) < const. Pa'{k,t) , 
e'^"*^*"^VQ,r(fc,0 < const. fia{k,t) 



(69) 
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7.1 Bounds on di 

To show that di — J2m=o ^n=i 9k'^i,n,m is in 3 g, which constitutes the first part of Proposition [51 

we first need to recaU a proposition proved in [T2|. 

Proposition 13 Let fn.m be as given in Section\^ Then we have the bounds 

(70) 
(71) 
(72) 
(73) 
(74) 
(75) 

uniformly in a > and fc G Rq. 



\fiAk,T) 


< const. 




>min{|A_|,|A_|V2} , 


l/2,o(A:,a) 


< const. 


(|fc| 




/3,o(fc,0-) 


< const. 




'^min{l,|A_p} , 


\fl,l{k,<T) 


< const. 


(n 


-|A_|)el'^-l'"niin{l,|A_|cr} , 


\f2.i{k,<j) 


< const. 


(1- 


f |fc|)e-l'^-|'^ , 


\h.i{k,a) 


< const. 




'^min{l,|A_|} , 



We then note that 

\KdkKn{k,T)\ = 

\KdkK3{k,T)\ = 



1 2k 



TlTH — 

2 2k 



VK^^(e'^^ + e-«-) 



< const. r(l + |fc|)e^-^ , for n = 1,2 , 

< const. t(1 + |A:|)(el^-l^ + e^-^) . 



2 2k 

The bound on the function ndkUJi^ifl uses (1701) and Propositions [T5] and [TCI leading to 
|Ki9fca)i,i^o| 



i^-j^dke fifi{k,a)Qo{k,s)ds 



< const. T(l + |A:|)e^-^ / el^-l'" min{|A_|, |A_|V2} f ^/2„ + 

Jl \S2 S2 / 

< const. t(1 + \k\)e^-'' 
+ const. t(1 + \k\)e^-'' 



'l^-l"|A_|V f Xr.+Xri„ I ds 



_ Ma + — 

S2 S2 



|A-k 



|A_| ( -^fla + ^Mq ) rfs 

S2 S2 



< const. (1 + |fc|) ( 4:i"a + -sfJ-a ] , 



S 3 ■ 

' 2 ' 2 



which shows that KdkOJi,i.o G -^q-i 

The bound on the function KdkCJi^2,o uses ([7T|). Proposition [TSl and (j69p . leading to 



kc^/cWl,2,o| = 



K2^fee ""^y /2,o(fc,S - l)<9o(fc,s)rfs 



< const. t(1 + IfcDe^-^el*^!^ / (|fc|^ + |fc|)e-l''l'" ( + -^f^cA ds 

Jt \S2 S2 J 



< const. (1 + IfcDe'^-^ I -^/^a + -^//a ) < const. (1 + \k\)-^^a 



1 



which shows that KdkU!i,2.,Q G i- 
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The bound on the function ndkUJi^s^o uses (17^ and Proposition [T71 leading to 
1 



/3,o(fc,s - l)QQ{k,s)ds 





















1 ds 


S2 y 





, 1 - 1 ^ 

< const. ( —^a + —Ma 

t2 



which shows that KdkUJi 3 o S 5 3 . 

The bound on the fmiction KdkUJi,i,i uses ([73l) and Propositions [T5] and [T6l leading to 



K-^fee '"^y /i,i(fc,s - l)Qi(fc,s)ds 



< const. t(1 + 



/ (l + |A_|)el^-l"min{l,|A_|a} (^fla + ^fic) ds 

Jl VS2 S2 / 



< const. t(1 + |A:|)e'^-'' [ e''^- l'^|A_ |cr f ^/2a + ^tAq) ds 

Jl \S2 S2 / 

+ const. r(l + IfcDe'^-^ / |A_|el'^-l'^ min{l, |A_|cr} f + ^Mq) 

Jl S2 / 

< const. (1 + [ p.^ + \fia + \i^o}\ , 

which shows that kBuCji^i^i G T^]^_i 3 q- 

The bound on the function KdkU}i^2,i uses ([Ti]). Proposition [TSl and (p^ . leading to 



|«:9fcWi,2,i| = 



-K^fce '^^ / /2a(fc, s - l)Qi(fc, s)ds 



< const. (1 + IfcDre'^-^ / (1 + |fc|)e"l'=l'" ( ^fla + ^i^a) ds 

Jt \S2 S2 J 



< const. (1 + \k\)eJ^ ^ ( —fia + —f^a] < const. (1 + |fc|)— , 

,t2 t2 J 



which shows that ndkCoi 2 1 £ , 1 ■ 

' ' a — 1,00,^ 

The bound on the function KcJ^-wi^a,! uses (1751) and Proposition [T71 leading to 



341 



' h.iQi{Ks)ds 
t 



' 4^Mq + I ds 



S 2 S 2 



< const. r(l + |fc|)(e 

< const. r(el^-l" + e^-^) / (1 + |A_|)e^-" f + ds 

Jt \S2 s-2 J 



< const. [ —fla{k,t) H — -jla{k,t) 

J2 t2 



which shows that ndkCji 3 G 3 1 • 

• ' a i, 2 , 2 

Collecting the bounds we find that di G 3 g , which completes the first part of the proof of 

Proposition [5] 
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7.2 Bounds on ^2 

To show that d2 — X]rn=o Sn=i dki^2,n,m IS in T^\_^ 3 Q, which constitutes the second part of Proposi- 
tion[Bl we first need to show bounds on the functions dkfn,m- 

Proposition 14 Let dkfn.m be as given in Section\^ Then we have the bounds 



\Kdkhfi[k,a) 
\ndkf?,fi{k,a) 
\Kdkfis{k,a) 

\K.dkf2A{k,<^) 

\K.dkf3,iik,a) 
uniformly in a > and fc G Mq- 



< const. min{(l + |A_|(t), (s + |A_|)|A_pCT}el^-l'^ 

< const. + \k\'^)c 



< const. (1 + |A_|CT)e^-'" , 

< const. (1 + |A_p)r7el'^-l'^ 

< const. (1 + |fcp)(Te"l''l'^ , 

< const. (1 + |A_|)CTe^-'" , 



(76) 
(77) 
(78) 
(79) 
(80) 
(81) 



Proof. We multiply (|33])-(|3ni) by k and bound the products. The function ndkfi.o is bounded in two 
ways. We have a straightforward bound 

\i^dkfi,o{k,a)\ < const. (1 + |A_ |cr)el'^- 1"" . 

Since leading terms cancel, we get 

iP 

fc2 + \k\K k"^ + 



* ( 
— e 
2 V 



\k\(T 



^2 



2 k t\j 

< const. Ke'"'" - 1 - kct) + (e^'^'" - 1 + kct) - 2{e^^^^" - 1) 

const. ^ ((e'"^ - 1) - (e-«^ - 1)) 



+ const. 



+ const. 



fc2 + k2 



+ const. |A_ 1 1 (e 



k\{T 



1) - ie- 



1)1 



((e"'^ - 1) ~ (e-'''^ - 1)) cr 



2k 

fc2 + \k\K fc2 + 



const. 



\k\K 



Then we have 



< const. (|A_|V2 + |fc|(7)el^-l'" +const. |A_ iVel"^- 1'" + const. |A_ pagl^-l'" 
+ const. lA^lV^el'^-l'" +const. lA^jVel^-l'^ + const. |A_ | Vel'^- 1'" 

< const. (s + |A_|)|A_|2(7el^-l'^ . 



\KdkfiAk,cr)\ < const. min{(l + |A_|cr), (s + |A_|)|A_|2cr}el^-l'= 



which proves (|7S)) . 

To bound Kdkf2,o{k,a') we use that, since |fc| < Re(K) for all fc. 



1 _ g(|fe|~'=)'^ 



< const, e 

< const, e"'''''^ ||fc| - k| o- 

< const. (|fc|^ + |fc|)cre-l'''l'" 



(82) 
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such that 



|'«9fc/2,o(fc, (t)| < 



{\k\ + Ky 



K+\k\ 



\k\Ke' 



\k\c 



< const. (1 + |fc|)(|fc|^ + |fc|)e~l'=l'^(T + const. (|fc| + \k\^)e-^''^''a 
+ const. {\k\i + |A:p)e-l'''l'"cr 

< const. + |/c|2)ae-l'=l'' , 



which gives ([77)) . 

To bound ndkfa.o {k, a) we have the straightforward bound 



Wdkfzfi {k,a)\ < 









+ 



fc2 + K2 



2k2 

< const. (1 + |A_|)cre'^-'" 



which yields ((78|) . 

To bound Kdkfi,i {k, a) we have 



k9fc/i,i(fc,CT)| < 



\k\ 



fc2 + «:2 



2k 



2i 



.fc2 + f k'^ + k'^ 



fc2 



< const. (1 + \k\){\k\ + |A_|)cr + const. (1 + |A:|)crel'^- 1'" 

+ const. |A_|((1 + |fc|) + |A_|)cr < const. (1 + |A_ Hcrel'^- 1'" 



and thus we have ([7^1) . 

To bound ndkf^,! (kjCr) we use ((82|l to bound 



\Kdkf2.1 (fc, < 



\2iK{\k\ + K)e"l''l'"cr| 



i{\k\ + k)k ^ "t^ e~''""o- 



< const. (1 + + |/c|)cre-l'=l'" + const. (|fc| + |fcp)(l + \k\-^) 

+ const. (|fc| + IfcHe^l'^l'^cr < const. (1 + IfcHae^l'^l'" 

which leads to (1501) . 

Finally, To bound ndkfz,i {k,a) we have the straightforward bound 



iKdkfsA ik,a)\ < 



2k 



< const. (1 + |A_|)o-e 



and therefore we have ([8T|) . This completes the proof of Proposition [141 
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We may now bound d2- The bound on the function uses (|75|) and Propositions [T5] and [T51 

leading to 



\ndkUJ2,ifi\ 



ndkfi,o {k, a) Qo (k, s) ds 
< const, e^-^ [ min{(l + |A_|cr), (s + |A_|)|A_pcr}el'^-l'" ( \ fla + \ flo}\ ds 

Jl \S2 S2 J 



< const, e^"^ 



Gs+|A_|)|A_| 



1 1 ~ 1 , 

— fJ-a + —Ma ds 



const, e 



il + \A-He 



|A_|cr 



< const. (1 + \A^\)—fla + const. —fJ-a H — rMa 



t2 



1 1 ~ 1 , 

— Ma + —Ma ) ds 

S 2 s 2 



1 



t2 t2 



which shows that Kdk<jJ2 1 G I'^.i 5 3- 

The bound on the function K9fcW2,2,o uses (1771) . Proposition [TSl and (|69p . leading to 



\KdkL02,2,o\ 



r 



< const, e'^-^el'^l^ 



ndkf2fi{k, s - l)Qo{k, s)ds 

\S2 S2 



ds 



< const. (1 



Ma + -rMa < const. (1 + \k\)—fl. 



which shows that KdkijJ2.2,a G T^a-i 00 i- 

The bound on the function KdkU!2,3,o uses ([75]) and Proposition [T71 leading to 



k«f^fcW2,3.o| 



1 



(e«^ - e-«^) / ndkfsAk, s - l)Qo(fc, s)ds 



< 



< const, e 



|A_|7 





f ^Ma^ 








\S2 








1 — rMa ) rfs 


2 


S2 / 




1 . ^ 


(- 




\S2 


S2 



< const. ( \^la + \ij-a ] , 

,t2 i2 



5 3 . 

' 2 ' 2 



which shows that KdkOJ2.3,a G ^a-i 

The bound on the function K9fcc2^2,i4 uses (17^ and Propositions [T5] and [TCI leading to 



\ndki02, 



ndkfi.i{k,s ~ l)Qi{k,s)ds 
< const, e^-^ / (1 + |A_nael^-l'^ ( + ^Ma) 

Jl \S2 S2 J 



. I 1 - 

< const. + —Ma + — Mc 

V ^2 t2 

1 ^ 

+ const. — /ic, + const. |A_ 



1 _ 1 ^ 

~^ ^Oi — 3"Ma 
t 2 i 2 



which shows that Kdk(^2.i.i G ^a-i 2 o' 
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The bound on the function KdkCj2,2,i uses (IMl) . Proposition [TSl and leading to 

1 



ndkf2A{k,s - l)Qi{k,s)ds 



< const, e'^-^el'^l^ 



< const. (1 + |fc|)e —fJ'a H — tAq ^ const. (1 + \k\)—fla , 



<2 t2 



which shows that Kdk(jJ2,2,i S oo i' 

The bound on the function KdkUJ2,3,i uses (1511) and Proposition [T71 leading to 



3,1 



< const, (el'^-l^ + e^-^) f (1 + |A_ |)<Te'^-'^ ( ^fia + ^Aa) ds 

( ^ 1 ^ \ 

< const. — + — , 

which shows that KdkOJ2 3 i G a i ■ 

Collecting the bounds we have that d2 £ "^^^i i q i which completes the second part of the proof of 
Proposition [S] 

7.3 Bounds on 

We prove the bounds on ds needed to complete the proof of Lemma [5] For compatibility with the maps 
£i and £2 we will bound Kd^ instead of ^3. Throughout this proof we will use without further mention 
the bounds 



dkQo (fc, s) 
dkQi {k,s) 



< 



< 



dkQo 
dkQi 



1 



1 



3 Ma 
S 2 

1 _ 1 ^ 

3" Ma ~i~ ~~n f^a 
S2 



The bound on the function ndkOJ^^i^o uses ([70)) and Propositions [T5] and [T51 leading to 



|K9feW34,o| = 



1 



/i,o ik,a) KdkQo ik,s)ds 

< const. \A^\e^-^ e''^- 1'" min{|A_ |, |A_ | V^} + ds 

t+i 

< const. |A_|e^-" / ' el^-l"|A_|V2 f ^/2„ + 

Jl \S2 s 

+ const. |A_|e^-^ / el^-l-^IA^I ( ^fta. + -fi^] ds 

Ji±l \S2 S ) 



< const. |A_ 



1 _ 

t-^ t2 



which shows that KdkOJ3,ifi _ 3 . 

The bound on the function Kdk(^3^2,o uses ([7T|) . (p5|) and Proposition [T51 which, to be applicable, 



18 



requires first the use of to trade a |fc| for an s ^ multiplying and /Iq,. We then have 

1 . 



\KdkL03^2,Q\ 



/2,o(fc, s - l)K.dkQa{k, s)ds 
< const, e^-^ I {\k\ + \k\^){\k\i + \k\)( 



< const, e'^-^el'"!^ 



S 



\k\ 



^-\k\a 



1 1 1 J 

— Ma + — Ma-1 



const, e e 



A_r^|fe|- 



•/ (l + |A:|)e-l'=l'^-/i„_ids 

■/t 'S 



< const, e 



1 _ 1 _ 1 . 

— Mq H — 5"Mq-i + t^Mq-i 



< const. ( -^/ia + ^Aa-l ) , 



which shows that KdkOJsafi S ^a-i oo 2' 

The bound on the function KdkUJs^sfi uses ((72|) and Proposition [171 which, to be applicable, requires 
first the use of to trade a |A_| for a s~^/^ multiplying fla- We then have 



|«9fca;3,3,o| 



< const. '^''^"'^^ min{l, |A_|}e'^-''|A_| ^^-^a + -Ma^ 

I I f°° /I 1 1 \ 

const, el'^-l^ / |A_|e^-'^ —p-a + ^Aq-I + ^Ma-i o^s 



< 



, 1 _ 1 , 1 . 

< const. ( j^fla + ^Ma-i + ^A'a-l 



which shows that KdkOJ^ 3 o £ _i 3 3 ■ 

The bound on the function Kdkoo^^i^i uses (l73)) and Propositions [TSl and [TBI leading to 



|t9fcW3,i,i| = 



< const, e'^"^^ (1 + |A_|)el'^-l'"min{l, |A_|cr}|A_| (^4-Ma + ^M"^ ^fs 



< const. (1 + |A_|)e 



|A_|el^-lnA_|a(4Ma + ^Ma)ds 



+ const. (1 + |A_|) 



|A_|e 



|A-k 



S2 

— Ma + ^Ma «S 



< const. (1 + |A_|) ( 4- Ma + 4-Ma + 4mq 

\t2 t2 



which shows that Ki9feW3,i,i G 3 3- 
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The bound on the function KdkOJ3^2,i uses (TMl) . Proposition [TSl and leading to 
1 . 



< const, e 



f2,i{k,s - l)KdkQi{k,s)ds 



/OO 
(|/C|5 + |/!c| 



1 1 ~ 1 J 

— Ma + -^fJ-a ] as 

S2 S 



1 



< const. (1 + IfcDe'^-^ ( -^fia + jTfJ'a ) < const. (1 + \k\)-^fla , 



which shows that KdkUJ3.2,i S ^i-i oo i- 

The bound on the function ndkcos^s^i uses ([75]) and Proposition [T71 leading to 



1 



< const. (el^-l" + e^-^)^ e^-" |A.| (^^Ma + ^Aa) 



< const. [^prA^a + j , 

which shows that ndki^^ 3 i G 1 3 t 

' ' a 1,2' 

Collecting the bounds we have that 1^3 G 3 1 C 3 g, which proves Lemma |51 

A Convolution with the semi-groups and e"'^'* 

To make this paper self-contained, we recall the following results proved in jl2j. In order to bound the 
integrals over the interval [l,t] we systematically split them into integrals over [1, ^^^"1 ^-^d integrals over 
and bound the resulting terms separately. For the semi-group e^^* we have: 

Proposition 15 Let a > 0, r > and S >0 and j + l> f3>0. Then, 



=A-(t-l) 



g|A_|(.-l)|A_|/3 



(s - 1)"^ 

J ^la.rik,s) ds 



< ( 



const. j^fla{k,t), if S > ^ + 1 
const. i^^^^^TT— if S = J + 1 



const. 



jla{k,t), i/(5 < 7 + 1 



uniformly in t > 1 and A: G M. 

Proposition 16 Let a > 0, r > 0, S e R, and /3 e {0, 1}. Then, 



„A-(t-l) 



JA_|(s-l)|A 



const. 



\^-f^f^a,r{k,s) ds < Jg-^^J^aAk,t) , 

2 

uniformly in t > 1 and fc £ R. 

For the integral over the interval [i, 00) we need only one of the bounds in |12) . 
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Proposition 17 Let a > 0, r > 0, S > 1, and (3 G {0, 1}. Then, 

uniformly int>l and fc e K. 

For the semi-group e"'*^'* we have: 
Proposition 18 Let a > 0, r > 0, 6 > 1, P e [0, 1] Then, 

uniformly int>l and k €M.. 
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